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Abstract 

We consider on-diagonal heat kernel estimates and the laws of the iterated logarithm for a switch- 
walk-switch random walk on a lamplighter graph under the condition that the random walk on the 
underlying graph enjoys sub-Gaussian heat kernel estimates. 
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1 Introduction 


Let G be a connected infinite graph and consider the situation that on each vertex of G there is a lamp. 
Consider a lamplighter on the graph that makes the following random movements; first, the lamplighter 
turns on or off the lamp on the site with equal probability, then he/she moves to the nearest neighbor 
of G with equal probability, and turns on or off the lamp on the new site with equal probability. The 
lamplighter repeats this random movement. Such a movement can be considered as a random walk on 
the wreath product of graphs Zb X G which is roughly a graph putting Zb = {0,1} on each vertex of G 
(see Definition o for precise definition), and it is called a “switch-walk-switch walk” or “lamplighter 
walk” on Zb X G. We are interested in the long time behavior of the walk. Some results are known when 
G is a specific graph. Pittet and Saloff-Coste m established on-diagonal heat kernel asymptotics of 
the random walk on Zb X Z d . More precisely, they obtained the following estimates; there exist positive 
constants Ci, C2, C3, C4 > 0 such that 


ci exp 


d 

—C2 r n'x+i 


< h 2 n(g,g ) < c 3 exp 


d 

— C47l^+2 


(i.i) 


for all g £ Z2 X Z d , where h n (•, •) is the heat kernel (see m [20] for earlier results for the case of G = Z 
and |B] for the case that G is a finitely generated group with polynomial volume growth). Revclle [18] 
considered the lamplighter walk on the wreath product H X Z when H is either a finite set or in a class 
of groups, and obtained some relations between the rate of escape of random walks on H and the law of 
the iterated logarithm (LIL in short) on H X Z. In particular, when H = Z 2 he proved that there exist 
(non-random) constants ci, C2, c 3 , C4 > 0 such that the following hold for all x £ Z2 X Z: 


Ci < limsup 


d(Y 0 ,Y n ) 


n 1 / 2 (log log n) 1 /' 


< C2, c 3 < liminf 


d(Y 0 ,Y n ) 


?r 1 / 2 (loglogn) 1//2 


< c 4 , 
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where {Y n } is the lamplighter random walk and d(-, •) is the graph distance on Z 2 l Z. 

We are interested in the following question: 

(Question) How do the exponents in (11.11) . (11.21) change when the graph G is more general? 




Figure 1: The Sierpinski gasket graph. 


Figure 2: The Sierpinski carpet graph. 


In this paper, we will consider the question when G is typically a fractal graph. Figure [1] and Figure [5] 
illustrate concrete examples of fractal graphs. It is known that the random walk on such a fractal graph 
behaves anomalously in that it diffuses slower than a simple random walk on 7L d . It has been proved that 
the heat kernel h n (x,y) of the random walk {X n }„>o enjoys the following sub-Gaussian estimates; there 
exist positive constants Ci, 02 , 03,04 > 0 such that 


Cl 


idf/di 


■ exp 


-02 


d(x,y) a 


n 


1/bC-i) 


< h 2n {x,y) < 


03 


l d f/dx 


■ exp 


-04 


d{x,y) a 


d w \ V(d„-1)N 


(1.3) 


for all d(x,y) < 2 n (note that Ii 2 n (x,y) = 0 when d(x,y) > 2 n), where d(-, •) is the graph distance, df is 
the volume growth exponent of the fractal graph and d w is called the walk dimension, which expresses 
how fast the random walk on the fractal spreads out. Indeed, by integrating m, one can obtain the 
following estimates; there exist positive constants Ci, 02 > 0 such that 

c 1 n 1 t dw < Ed(X 2 n,X 0 ) < c 2 n 1/,d ” 

for all n > 0. For more details on diffusions on fractals and random walks on fractal graphs, see n, m 
and Q2] . As we see, properties of random walks on graphs are related to the geometric properties of the 
graphs. The volume growth is one of such properties. For the graphs with polynomial volume growth, 
there are well-established general methods to analyze the properties of random walks on them. But for 
the graphs with exponential volume growth, these methods are not applicable. In this sense, the graphs 
with exponential volume growth give us interesting research subject. The wreath product Z 2 l G belongs 
to this category, and this is another reason why we are interested in the lamplighter random walks on 
fractal graphs. 


We consider the random walk on Z 2 l G, where the random walk on G enjoys the sub-Gaussian heat 
kernel estimates OD- The main results of this paper are the following; 

(1) Sharp on-diagonal heat kernel estimates for the random walk on Z 2 l G (Theorem 12.31) . 

(2) LILs for the random walk on Z 2 l G (Theorem 12.41) . 

The on-diagonal heat kernel estimates are heavily related to the asymptotic properties of the spectrum 
of the corresponding discrete operator. We can obtain the exponent df/(df + d w ) in our framework as 
the generalization of d/{d + 2 ). 
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For the LILs, we establish the LIL for dz 2 iG(Yo, Y n ), where {Y n } n > o is the random walk on Z 2 l G, 
and the so-called another law of the iterated logarithm that gives the almost sure asymptotic behavior of 
the liminf of di 2 iG{Yo,Y n ). Note that in (11.21) . various properties that are specific to Z were used, so the 
generalization to other graphs G is highly non-trivial. We have overcome the difficulty by finding some 
relationship between the range of the random walk on G and dx 2 iG C^o, Y n ). To our knowledge, these are 
the first results on the LILs for the wreath product beyond the case of G = Z. 

The outline of this paper is as follows. In section [2j we explain the framework and the main results 
of this paper. In section [3J we give some consequences of sub-Gaussian heat kernel estimates. These are 
preliminary results for section [4] and section [5J where we mainly treat the lamplighter random walks on 
fractal graphs. In section |4j we prove the on-diagonal heat kernel estimates. Section [5] has three subsec¬ 
tions. In subsection EU we give a relation between the range of random walk on G and dz 2 iG{Yo,Y n ). 
Here, one of the keys is to prove the existence of a path that covers a subgraph of G with the length of 
the path being (uniformly) comparable to the volume of the subgraph (Lemma 15.31) . In subsection 15.21 
we deduce the LILs for the random walk on Z 2 iG from the LILs for the range of the random walk on 
G (Theorem 15.51) when G is a strongly recurrent graph. In subsection 15.31 we prove the LILs for the 
random walk on Z 2 l G when G is a transient graph. In the Appendix [Aj we give an outline of the proof 
of Theorem 15.51 on which the proof in subsection 15.21 is based. 

Throughout this paper, we use the following notation. 

Notation. (1) For two non-negative sequences {a(n)}„>o and {b(ri)} n >o, we write 

• a(n) x b(n) if there exist positive constants ci, C 2 > 0 such that c\a{n) < b(n) < C 2 a(n) for all 

n. 

• a(n) ~ b(n) if there exist positive constants Ci, 02 , 03,04 > 0 such that c\a{c 2 n ) < b{n) < 
030 ( 0471 ) for all n. 

(2) We use c, C , Ci, 02 , • • ■ to denote deterministic positive finite constants whose values are insignificant. 
These constants do not depend on time parameters n,k, - • •, distance parameters r, • • •, or vertices 
of graphs. 

2 Framework and main results 

In this section, we introduce the framework and the main results of this paper. 


2.1 Framework 


Let G = (V(G),E(G)) be an infinite, locally finite, connected graph. We assume V(G) is a countable 
set. We say that G is a graph of bounded degree if 

M = sup degn < 00 . (2.4) 

vev(G) 

We denote d(x,y ) the graph distance of x,y in G, i.e. the shortest length of paths between x and y. 
When we want to emphasize the graph G, we write dc(x,y) instead of d(x,y). 

Next, we introduce the wreath product of graphs. 

Definition 2.1 (Wreath product). Let G = (V(G), E(G)) and H = (V(H), E{H)) be graphs. We define 
the wreath product of G and H (denoted by H l G) in the following way. We define the vertex set of the 
wreath product as 


V(H ? G) = < (/, v) G k(tf) y(G) x V(G) 


tt Supp / < 00 
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where Supp / = {x G V(G) \ f(x) ^ 0} for a fixed element 0 G V(H). For ( f,u ), (g,v) G V(H l G ), 
((/, u), ( g,v )) G E(H l G ) ?/ either (a) or ( b ) is satisfied: 

(a) f = g and (u,v) G E(G), 

(b) u = v, f(x) = g(x) (f/x G V(G) \ {u}) and (, f(u),g(u))GE(H ). 

We call G the underlying graph of H lG and H the fiber graph of H \ G. 

Throughout the paper, we will only consider the case H = Z 2 that consists of two vertices {0,1}, 
say, and one edge that connects the two vertices. (As noted in Remark 12 .5f 2h the results in this paper 
hold when H is a finite graph.) We denote the elements of V (Z 2 l G) by bold alphabets x, y ■ ■ ■ and the 
elements of V (G) by standard alphabets x, y, ■ ■ ■. 


Next, we introduce the notion of weighted graphs. Let p : V (G) x V (G) —» [0, 00 ) be a symmetric 
function such that p xy = p(x,y) > 0 if and only if (x,y) G E(G). We call the pair (G,p) a weighted 
graph. For a weighted graph (G,y), we define a measure m = me on V(G) by m(A) = 'f2 xGJ ^ni(x) 
for A C V(G) where m( x) = J2 y y ~ x ^xy We will write V(x,r) = Va{x,r) = m(B(x,r)), where 
B(x,r) = {y GV(G) \ d{x,y) < r}. 

Let {A' n } ra >o be the (time-homogeneous) random walk on G whose transition probability is P = 
(p(x,y)) Xty £V(G)> where p(x,y) = p xy /m(x). We call {X n } n >o the random walk associated with the 
weighted graph (G, p). {l r „} n >o is reversible w.r.t. m, i.e. m(x)p(x, y) = m(y)p(y , x) for all x, y G V (G). 
Define 

Pn(x,y) := P x (X n = y), Vx,y G V(G). 
p n {x,y)/m{y) is called the heat kernel of the random walk. 

We next give a set of conditions for the graph and the random walks. 

Assumption 2.2. Let (G : p) be a weighted graph. We consider the following assumptions for ( G,p ). 

( 1 ) (pq- condition) : ( G,p ) satisfies po-condition, i.e. there exists po > 0 such that p xy /m(x ) >p 0 for 
all x,y G V(G) with {x,y} G E(G). 

(2) (df-set condition) : There exist positive constants d/,ci,C 2 > 0 such that 


ci r d > < V(x,r) < c 2 r d f 

for all x G V(G),r G NU {0}. Here, we regard 0 df as 1. 


(2.5) 


(3) (On-diagonal heat kernel upper bound) : There exists d s > 0 such that the heat kernel ^ of 


{A „} ra > 0 satisfies the following estimate for all x,y G V(G),n > 1 : 


*(y) 


(y) 


( 2 . 6 ) 


(4) (Sub-Gaussian heat kernel estimates) : There exists d w > 1 such that the heat kernel 
{X„}„>o satisfies the following estimates: 


Pn(x,y) 

m(y) 


of 


Pn{x,y) ci ( (d(x, y) dw \ 

m(y) ~ F0r,n^) eXP i ^ V « ) 


(2.7) 
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> 


C3 


for all x, y £ V (G), n > 1, and 

Pn{x,y) p n+1 (x,y) 
m{y) m(y) ~ V{x,n^ 

for x, y £ V (G), n > 1 with d(x, y) < n. 


■ exp 


-C 4 


d(x,y)° 


( 2 . 8 ) 


We will clarify which of the conditions above are assumed in each statement. As one can easily see, 
Assumption 12.21 (2) and (12.71) imply Assumption 12.21 131 with 


d s /2 — df / d w . 


d s is called the spectral dimension. 

The fractal graphs such as the Sierpinski gasket graph and the Sierpinski carpet graph given in 
section [T| satisfy Assumption 12.21 (see [3] HU] )- Note that under Assumption 12.21 (1). G satisfies (12.41) with 
M = 1/po- Also note that, under Assumption 12.21 f2l. we have ci < mc(i) < ci for all x £ V(G) and 
hence 


ciftA < m(A) < c 2 #A, VAck(G), (2.9) 

where §A is the cardinal number of A. Finally, under Assumption 12.21 111 (2) we have 


0 < inf fj, xy < sup fj, xy < oo. ( 2 - 10 ) 

x,yeV(G),x~y x,yeV(G),x~y 


Next, we define the lamplighter walk on Z 2 l G. We denote the transition probability on Z 2 by 
p(z 2 ) _ (p( z 2 )(a, 6 )) aj b e z 2 , where is given by 

p^ 2 \a, b) = i, for all a,b £ Z 2 . 

We can lift P = (p(x,y)) XtVeG and P (Za) = (p (Z 2 ) (M))a,bez 2 on Z 2 l G, by 


p (G] ((f,x)Ag,y)) 

P (I ‘ 2 ) {{f 1 x),(g,y)) 


I p(x,y) if/= 5 
0 otherwise 


| if x = y and fiv) = g(v) for all v A x 
0 otherwise 


Let Y n = {(r]n, Xn)}n >0 be a random walk on Z 2 l G whose transition probability p is given by 

(. g,y )) =p (Z2) *P (G) *p (Z2) ((/, x), ( g,y)) 

= P (Za) ((/>®)> (/ii,wi))jD (G) ((/ii,u;i), [h 2 , w 2 ))p^A((h 2 ,w 2 ), (, g,y )). 

(hi,wi),(h 2 ,w 2 ) 

Note that if (/, x), (< 7 , y) £ V (Z 2 ? G) satisfy x ~ 1 / and /(z) = g(z) for all 2 / x,y then 

P(Y n+ i = ( g,y ) | W = (/,x)) = ^p{x,y), 


and otherwise it is zero. 

This random walk moves in the following way. Let X n be the site of lamplighter at time n and y n 
be the on-lamp state at time n. The lamplighter changes the lamp at X n with probability 1/2, moves 
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on G according to the transition probability P = ip(x,y)) x , y eG, and then changes the lamp at X n +i 
with probability 1/2. The lamplighter repeats this procedure. (In the first paragraph of section [T] we 
discussed the case when {X n } is a simple random walk on G.) 

Note that {Wln^o is reversible w.r.t. toz 2 ( g, where 

meed'll, %)) = m{x). 

We denote the transition probability of {Y n } n > o as p(x,y) (cf. p(x,y) is the transition probability of 
(Wi}n>o)- We sometimes write m(x) instead of mi 2 iG{x )• 


2.2 Main results 


In this subsection, we state the main results of this paper. 

Theorem 2.3. Suppose that Assumvtion \2.2\ (1). (2) and (4) hold. Then the following holds; 

p 2n (x x) ^ _ n ^ y xGV (Z 2 lG). 

mz 2 iG(x) 


Next we state the results on the LILs when d s /2 < 1 and d s /2 > 1 respectively. 


Theorem 2.4. Let {G,p) be a weighted graph. 

(I) Assume that Assumvtion \2.2\ fl). (2), (4) andd s /2 < 1 hold. Then there exist (non-random) constants 
Ci, C 2 , C 3 , C 4 > 0 such that the following hold for all x £ V(Z 2 l G): 


ci < limsup 


C 3 < lim inf 


2 iG(Y 0 ,Y n ) 


n ds / 2 3 (log log n ) 1 ~ ds / 2 
^z 2 ;G(to, Y n ) 


< C 2 , P x -a.s. 


n-y 00 n ds / 2 (loglogn) da / 2 


< C 4 , P x -a.s. 


( 2 . 11 ) 

( 2 . 12 ) 


(II) Assume that Assum,vtion \2.2\ (1), (2), (3) and d s /2 > 1 hold. Then there exist (non-random) positive 
constants c\ , C 2 > 0 such that the following hold for all x £ V (Z 2 l G ) : 


t dz 2 iG(Yo,Y n ) dz 2l c(Y 0 , Y n ) 

ci < liminl- < limsup- < C 2 , 

ft y 00 77- yi — ¥00 77- 


Px-a.s. 


(2.13) 


Remark 2.5. (1) Note that in Theorem \2. 4\ (H) we do not need Assumvtion 1 2. 2\( 4 ) but only need the 

on-diagonal upper bound (12.611 . Since the transient case is discussed under a general framework in 
m (see subsection \5.3\) . we do not pursue the minimum assumption for (12.131) to hold. 

(2) We can obtain the same results (by the same proof) if we replace Z 2 by a finite graph H with jj H > 2 
and p( z A by p^ H \ where p^ is the transition probability on H given by 


P (H \a,b) 


1 

w 


for all a, b £ V(H). 


(3) For each 0 < a < 1, Rau fZ3 Proposition 1.2] constructed a graph G a such that the random walk 
on G a satisfies the following heat kernel estimates: 

P 2 n{x,x) ss exp(—n"). (2.14) 

For the case 1/3 < a < 1, the graphs constructed by Rau are the wreath product on h, but the fiber 
graphs are different site by site. (The definition of wreath product given by Rau is more general 
than ours.) 

On the other hand , for each df,d w such that 2 < d w < 1 + df and df > 1, Barlow H Theorem 2] 
constructed weighted graphs that satisfy Assumvtion \2.2[ Combining this and Theorem \2.3l for any 
given 1/3 < a < 1 we can give an alternative example where the heat kernel enjoys ( 12 . 141 ) . 
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(4) For the case of d s /2 = 1, we have not been able to obtain the LIL in general. However, one can 
obtain the LIL for the case of Z 2 as follows. (Note that d s / 2 = 1 in this case since df = d w = 2.) 

Define R n = fl{Xo, • • ■ ,X n }. Dvoretzky and Erdos JSJ Theorem 1,4] proved the following law of 
large numbers of R n : 

lim -^-= 1, P-a.s. 

n->oo 7 T n/ logn 

In Provositions \5.1\ and \5.2l we will show that \R n < dz 2 iZ 2 (^o> Y n ) for all but finitely many n and 
that there exists a positive constant C > 0 such that d Z2lZ 2 (Yo,Y n ) < CR n for all n. Using these 
facts, we see that there exist positive constants ci, ci >0 such that for all x E V(Z 2 l G) 

f dz 2 iz 2 (Yo,Y n ) d z lZ 2(Y 0 ,Y n ) 

ci < hmmf-—- < limsup-—- < c 2 , P x -a.s. 

n->oc n/logn n-ioo n/logu 

As we see, the exponents differ from those in the cases of d s /2 < 1 and d s /2 > 1. 


3 Consequences of heat kernel estimates 


In this section, we give preliminary results obtained from the sub-Gaussian heat kernel estimates m , 
m and (12.81) . Throughout this section, we assume that Assumption 12.21 fib (2) hold. 

First, the following can be obtained by a simple modification of T, Lemma 3.9]. (Note that (12.81) is 
not needed here.) 

Lemma 3.1. Suppose (12.71) . Then there exist positive constants ci,C 2 > 0 such that 


P, 


max d(x,Xj) > 3r ) < ci exp —C 2 

\0<j<n 


for all n > 1, r > 1, x, y E V (G) with d(x , y) < r. 


The following lemma will be used in subsection 15.11 Note that unlike Lemma l3.ll we need only weaker 
condition (12.61) here. 

Lemma 3.2. Suppose (12.61) . Then there exist positive constants ci,C 2 > 0 such that 

P x ( max d(x,XA < r ) < ci exp (— C 2 — -r- ) (3.15) 

\0<:?<n J V r aw / 

for all x E V{G),n,r > 1. 

Proof. We first show that there exists a positive constant c\ > 0 and a positive integer R such that 


P* 


I max d(x,X«)<2cir 

y0<,7<[r d w] 


1 

< - 

“ 2 


(3.16) 


for all x E V(G) and for all r > R , where [r d ”] means the greatest integer which is less than or equal to 
r dm . Using for r > 1 we have 


P x ( max d[x,Xj) < 2c\r I < P x (d(x, Xt r d w () < 2cir) 

\0<j<[r rf »] ) 

^ c * {W dAd f /d w Y. m (y) ^ 2c ^))- 

yeS(x,2cir) 
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Recall that C 4 r df < m(B(x,r)) < c^r ds for r £ N U {0} by (12.511 . Take Ci as a positive constant which 
satisfies C 3 ( 2 ci) d/ < We first consider the case of 2cir > 1. In this case, by the above estimate we 
have 

P x ( max d(x,Xj) < 2cir ] < c 3 -^-m(B(x,2cir)) < c 3 c 5 (2ci) d/ < 

\o<j<[r d ™] ) r a f 2 

Next we consider the case of 2cir < 1. In this case, m(B(x,2cir)) = m({x}) < C 5 . Take R such that 
R > (2czc^) 1 / df . By the above estimate we have 

Px {o<7iX] d ( x,Xj) - 2cir ) - c 3^7 m (' B ( :E,2c i r )) ^ 1 


for r > R. We thus obtain (13.1611 . 

We now prove (13.1511 . Let r > R. It is enough to consider the case n > [ r dw ] since otherwise (13.1511 
is immediate by adjusting the constants. Let k > 1 be such that k[r dw } < n < (k + 1 )[r dw ] and let 
ti = i[r dw }. Then by the Markov property and (13.1611 we have 


P x f max d(x,Xj) < ar j < P x j P| i max d(X ti . Xj) < 2c\r 1 


< \ sup Py ( max d(y,Xj) < 2cir 

' 0 <j<[r d u>] 


< ( - ) < c 6 exp(-c 7 /c) < c 8 exp(-c 9 ?rr ”). 


It is immediate for the case of 1 < r < R from the above estimate. Hence we obtain (13. 1511 by adjusting 
the constants. □ 


In the next proposition, we show that Lemma 13.21 is sharp up to constants if we assume both (12.71) 
and (|2.8D . The idea of the proof is based on [T 6 j Lemma 7.4.3], where a similar estimate was given for a 
class of random walks on Z d . 

Proposition 3.3. Suppose (12.711 and (|2.8I) . Then there exist No > 1 and positive constants Ci,C 2 > 0 
such that 

Px {o<t<n d[ - x,Xj) - r ) - Ciexp ( _C2 ir) 


Ctyj 

for all r > No and n > 4 " 1 ™- 1 . 

The proof consists of the following two lemmas. 

Lemma 3.4. Under (12.81) there exists e £ (0,1) such that 

Py(d{x,X n ) > r) <1- e 

d lv _ 

for all r > 1, n > 4 d “- 1 with n < r dw and x, y £ V ( G ) with d(x, y) < r. 

Proof. We follow the argument in |16l Lemma 7.4.7]. Let 7 = l/(d w — 1). Let i X)V be a geodesic path from 
x to y in G. Let x n £ £ x , y be the {[n 1 ^ dw \ + l)-th vertex from y. Then B(x n , [n 1 ^™]) C B(x, r — 1) since 
for all 2 £ B(x n , [n^ dw ]) we have d(x , z) < d(x, x n ) + d(x n , z ) < (d(x, y) — [n 1 ^ dw ] — 1) + [n 1 / dw ] < r — 1. 














Also for all 2 £ B(x n , [n 1,/d ”]), we have d(y, z) < d(y , x n ) + d(x n ,z) < 2 [n 1 ^ d " w ] + 1. Hence, by (12.81) and 
(12.51) we have 


2 P y (d{x,X n ) <r)>P y (d(x, A' n _i) < r - 1) + P y {d(x,X n ) < r - 1) 


>Cl 


E 


l{z) 


zeB(ce„,[n 1 / d ™]) 


V(y,{n- l) 1 /^) 


exp 


"C 2 


d(y,z) 
n — 1 


4 \ 7-1 


>C3 


E 


1 ( 2 ) 


i 2: £ B (x n , [n 1 / ]) 


77 df/d u 


exp [—c 2 (2 • 3 d ”) 7 ] > C 4 exp [—c 2 (2 • 3 d ”) 7 ] 


provided n > d ^- 1 so that d(y,z) < 2?r 1 / d ” + 1 < Sn 1 ^” < n — 1 for any 2 £ B(x n , [n 1 / d "]). The proof 
completes by taking e = ^04 exp [—c 2 (2 • 3 d ”) 7 ] (note that we may take C 4 < 1). □ 

Lemma 3.5. Let e be as in Lemma \3.4\ Then under m and (EH) there exists rj > 1 such that for all 

1 d w 

x,y £ V(G), positive integers r > S' 1 ™- 1 with d(x,y) < 2 r and for all integers k > 0 and £ > d 3 *^ 7 with 
k[r dw ] < £ < (fc + l)[r d ”] ; we have 

P v (maxd(^A,) < 3rjr,d{x,X e ) < 2rj > A |. 

Proof. We follow the argument in the proof of in, Lemma 7.d.3]. We prove the assertion by induction 
in A;. 

Step I: We first prove the case k = 0,1. Let 7 = l/(d w — 1). In general, 1 < P(A)+P(B)+P((AUB) C ) 
holds for any events A,B. As A, B take A = {maxo <j<e d(x, Xj) > 3 yr}, B = {d(x,X() > 2r}. Let 

d-u, _ _ _ _ 

ddm-i < £ < 2[r“”]. By Lemma T3.II and Lemma hTTI we have 


l<P y ( 


max 

V 0 <j<^ 


d(:c, Xj) > 3rjr^j + P y (d(x, Xf) > 2r) + P y (max^ d(x, Xj ) < 3 rjr, d(x, Xf) < 2r^ 
2 ^ + (1 - e) + P y ^max d{x, Xj) < 3rjr, d{x, X e ) < 2 . 


< Ci exp 

L \ 1 

From above and using £ < 2[r d ”] we have 

P y ^ mffl d(x, Xj) < 3 rjr, d(x, Xf) < 2 r \ > e — Ci exp 


-c 2 


{w) 


d w \ 7 


> e — Ci exp 


-c 2 


f 2 7 /2d\ 1 1/(7d ” ) 


Taking 77 > < — log - 

l c 2 


J 


V 1, we obtain 


P y ^max d(x, Xj) < 3rjr,d(x,Xf) < 2^ 

for d d »-! < £ < 2[r d ”]. 

Step II: Let k > 1 and assume that the result holds up to k. Let £ satisfy (fc+l)[r d "] < £ < (fc+2)[r d "]. 
Define £' = k[r dw ]. Then since £' A (£ — £') > [r d “] > ir d ” > by r > 8' S ^ T , using the Markov 
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property and induction hypothesis we have 


P y ^ ma ,x^d(x,Xj) < 3ryr, d(x, Xg) < 2r'j 
>P y ^ma x^d(x,Xj) < 3 rjr,d(x,Xe) < 2 r,d(x,Xp) < 2 


=E V 


t , d(x,x j )<3 V r,d(x,x tl )<2r}Px l , ( d(x,X t - t >) < 2r, Q< max ^ d(x, X 3 ) < 3 yr 


>\ p v ( Q max ( d(x. X :j ) < 3 yr,d(x,Xp) < 2r^j > 


fc+i 


We thus complete the proof. 

Given Lemma 13.51 it is straightforward to obtain Proposition 13.31 


□ 


4 On diagonal heat kernel 

In this section, we give the proof of Theorem 12.31 

The lower bound follows by the same approach as in flBl Section 7] (cf. [TH Section 7] and |2TJ Section 
15.D]). We use Proposition 13.31 for the proof. 


Proof of the lower bound of Theorem \ 2. 31 Let x = (rpx) £ V(Z 2 l G). As we said before we write toz 2 ;g 
as to. For any finite subset A C U(Z 2 l G ), using the Cauchy-Schwarz inequality we have 

p 2n (x,x) _ ^ p n (x,y)p n {y,x) _ ^ Pn{x,y) 2 ^p n {x,y) 2 1 , , 2 

- Z. - Z. rr.UA - Z, {Yn e ■ 


l ( x ) 


y&V(Z 2 lG) 


y£V{Z 2 lG) 


Ay) 


y&A 


m(y) m(A) 


(4.17) 


Set A := {y = ( f,y ) £ V(Z 2 iG) \ y £ B G (x,r), f(z) = 0 for all 2 £ V(G) such that d(x,z) > r}. Using 
(12.51) and (12.91) . we have 

rnz 2lG (A) = rn G (y)2 iBG{x ' r) < ^^2^, 

y£B G (x,r) 

and using Proposition 13.31 we have 


P x (Y n £ A) >P X (max d{x,Xj) < r ) > c 3 exp 


-C4- 


n 


provided n > 4 d ^~ 1 and r > Nq. Hence, by (14.171) we have 


p 2n (x,x) 

m(x) 


> C 5 exp 


-c 6 


(df log 


r + r df + 


Optimize the right-hand side (take r = n 1 /( d /+ d “l), then we obtain 


P 2 n(x,x) 

m(x) 


> cexp 


—Cn d f +du 


elm ^ * j el'll] ^ * j 

provided n > 4 d ™-i V N 0 * w . The lower bound for 1 < n < V AT , 1 “is obvious, and we thus 


complete the proof. 


□ 
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We next prove the upper bound of Theorem 12.31 (cf. [15] Section 8] and [21] Section 15.D]). 

Proof of the upper bound of Theorem \2.3l Without loss of generality, we may and do assume 770 is iden¬ 
tically 0. For the switch-walk-switch random walk {Y n = on Z 2 l G , rj n is equi-distributed 

on {/ G TLeWG) I Sll PP(/ ~ 7 ?o) C R n }, where R n = {A' 0 , X lt • • • , X n }. Hence, setting R n = j \R n , we 
have 

n+1 n+1 

P x {Yn =x) = Y,P* {Yn =x 1 R n = k)<Y,E* [l{fl„=fe}2- fe ] < E x [ 2 - r ~] . 

k -0 fc=0 

In [5J Theorem 1.2], Gibson showed the following Donsker-Varadhan type range estimate: for any v > 0 
and any x G V{G ), 

log E x [exp {-vm{R [n d wV(X:n)] )}] x V{x,n). 

Note that V{x,n) x n df . Replacing n with n 1 ^ df+dw ' > we have 


E x [exp {- vm{R n )}] 


exp 


_ n d f/( d f+dw) 


Since cm{R n ) < R n (due to (12.91) 1. by the above estimates, we obtain the upper estimate, i.e. 


Pn{x,x) 

m{ x) 


< cexp 


d f 

-Cn d f +dw 


We thus complete the proof. 


□ 


5 Laws of the iterated logarithm 

In this section, wc will prove Theorem 12.41 

We first explain the idea of the proof. Let (G, p) be a weighted graph such that G is of bounded 
degree. For notational simplicity, let o G V{G) be a distinguished point and 0 be the element of (Z 2 ) v ^ 
such that 0(v) = 0 for all v £ V{G). In order to realize a given lamp state {ipx) G V{Z 2 l G) from the 
initial lamp state (0,o) G V{Z 2 lG), we need to visit all the “on-lamp vertices”. So 

- d %2tG((0, o), (77, z)) 

ieV(G) 

< (the minimum number of steps to visit all the “on-lamp vertices” from o to x) + H 77(*)- ( 5 - 18 ) 

iGV(G) 


We apply the above observation to the lamplighter walk {Y n = {r] n ,X n )} n > 0 on Z 2 l G. Note that 
the lamp at a certain vertex of G (say z) cannot be changed without making the lamplighter visit at z. 
From this and (15.181) . we see that d% 2i G{Yo,Y n ) is heavily related to the range of random walk {X n } n > 0 
on G. Set R n = |[{Ao, Xi, ■ ■ ■ ,X n }. Intuitively, Xwev(G) 1 )n{i) is close to ^ R n . Indeed, we will show the 
following in Proposition 15.11 and Proposition 15.21 

—R n < dz 2l G{Yo,Y n ) for all but finitely many n, a.s., (5.19) 

d^ lG {Y 0 ,Y n ) < (2 M + 1 )R n , for all n, (5.20) 

where M is defined by (12.41) . We will prove (15.1911 and (15.2011 in subsection l5.ll The behavior of R n differs 
for d s /2 < 1 and d s j 2 > 1. In subsection 15.21 fresp. 15. 3D . we prove the LILs of R n and dz 2 jG{Yo,Y n ) for 
d s /2 < 1 (resp. for d s /2 > 1 ). 


11 














5.1 Relations between the distance and the range 

The main goal of this subsection is to prove (15.1911 and (15.201) . 

Proposition 5.1. Suppose that Assu,mvtion \2.2\ (1). (2) and (3) hold. Then the following holds; 

— R n < Vn{i) for all but finitely many n, P;o :X ya.s., for all x G V(G). 

ie{x 0 ,x lt -,x n } 


Proof. We fix x G V(G) and write P instead of P(o, x )- Define S n = x 1 ■■■ x n } Vn{i)- It is easy to 

see that 


P(S n = l\R n = k) = 


for 0 < l < k. Then we have 


{ I \ 11 / i \ " p,l ‘ /i\' /, 


z=o 


l —0 m =0 


P{Rn = l ) 

< ^ exp P(Rn = l ) by the Chernoff bound 


L—0 


< P (Rn < + exp ^ 


—^n^jP( R n >n*L) 


< P ( sup d(X 0 ,Xi ) < n^ ) +exp ( ——n 23 ^ 

VO <Z<n 


< ci exp(—C 2 ?r 2 ) + exp- -n 2d ^ 

16 


16 

by Lemma Hi. 2 1 


Using the Borel-Cantelli lemma, we complete the proof. □ 

Proposition 5.2. Let (G,p) be a weighted graph such that G is of bounded degree, and set XI = 
sup„ e y( G ) degu(< oo). Then for all realization of {y n }^_ 0 an d 71 > 0, 


dz 2lG (Y 0 ,Y n ) < (2M + l)R n . 

To prove the above proposition, we need the following lemma. To exclude ambiguity, we first introduce 
some terminology. Let H be a connected subgraph of G. 

• A path 7 in H is a sequence of vertices voi’i ■■■Vk such that Vi G V(H) and ViVi+i G E(H) 

for all i. For a path 7 , we set V("f) = ,Vk }, and define the length of 7 as | 7 | = k. 

ej = VjVj + i(j = 0 , 1 , • • • , k — 1 ) are said to be the edges of 7 . 

• For the path 7 given above and a given edge e G E(G ), we define F( 7 , e) = {l G {0,1, • • • , k — 1} | 
e t = e}. 

• We denote T? = ut i if the edge e is directed from u to v and call if a directed edge. For two directed 
edges et = ufv\ and et = U 2 V 2 , et and et are equal if and only if ui = U 2 , V\ = v^- 

Lemma 5.3. Let G be a graph of bounded degree, M = sup„ 6 y( G ) degu(< 00 ) and H be a finite connected 
subgraph of G. 

(1) Let x,y G V(H). Then there exists a path 7 = wqW\ ■ ■ - Wk in H such that the following hold. 
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Figure 3: an example of the path 77 . Figure 4: an example of the surgery of 77 . 

(a) {w 0 , wi, ■ ■ ■ ,w k } = V(H). 

( b ) Define ey = WjWj+i for j = 0,1, • • ■ , k — 1. Then jj {j G {0,1, • • • , k — 1} | ej = e s } < 2 for all 
s = 0,1, • • • , k — 1. 

(c) wo = x and Wk = y. 

(2) Let 7 be as in (1). Then |y| < 2M§V(H). 

Proof. ( 1 ) Take a path 77 = UqUi ■ ■ ■ u n in H such that Uo = x, u n = y and {uo, «i, • • ■ , «„} = V ( H). 
Define fj = UjUj+i. If each edge fj satisfies jj {l G {0, 1 , • • ■ , n — 1 } | fi = fj} < 2 for j = 0 , 1 , ■ ■ • , tz — 1 , 
then 77 satisfies the conditions (a), (6) and (c). So we may assume that there exists fj such that jj {l G 
{ 0 , 1 , • • • , n — 1 } | fi = fj} > 3 . For such an edge fj, there exist at least two elements s,t G F(r],fj) 
such that 7i s 7t s+ i = utUt+i- Let s < t. Define 77^ = w s 7t s +iii s +2 • • -Ut-iiit (see Figure [ 3 ]). Replace r] = 
u 0 ■ ■ ■ Us-xrjst'Ut+i ■ ■ ■ u n by 77 = u 0 iii ■ ■ ■ u n = u 0 ■ ■ ■ u s _ifj st u t+1 ■ ■ ■ u n where f) st = 7z s M t _i7t t _ 2 • ■ • u s+2 - 
fj is again a path, V{fj) = V(H) and $F(fj,fj) = ^(77, fj) — 2 (see Figure 0 ]). Repeat this operation to 
fo, fi, • • ■ , fn—i inductively until obtaining a path satisfying (a), ( b ) and (c). 

(2) Note that Wj appears in V ( 7 ) at most 2 deg(u>j) times for each vertex Wj G V(H) . The conclusion 
can be verified easily. □ 

Remark 5.4. While the revision of this paper was under review, Pierre Mathieu pointed us out a simpler 
proof of this lemma (therefore a simpler proof of Provosition 15.21) . Take a spanning tree of V ( H) and let 
7 ' be an exploration path of the spanning tree from x to x (i.e. a path that crosses each bond of the tree 
exactly twice). Then one can produce a desired path 7 by an easy modification of j'. 

Proof of Proposition 15.21 The graph G' = (V ( G '), E[G')), where V (G') = {X 0 , X\, ■ ■ ■ , X n } and E(G') = 
{XiX i+ i G E(G) | 0 < i < n — 1}, is itself a connected subgraph of G. So applying Lemma [5731 to G', we 
have 


min{|7| | 7 is a path starting at X 0 , V(7) = {X 0 ,Xl, ■ ■ • ,X n }} < 2 MR n . 

By this and ( 15 . 181 ) . we obtain dz 2 iG(Xo, Yn) < (2 M + 1 )R n . □ 


5.2 Proof of Theorem 12.41( 1) 

In this subsection, we prove the LILs for {y^} n >o when d s /2 < 1. 

Theorem 5.5. Assume that Assumvtion 12.21 (1), (2), (f) and d s /2 < 1 hold. Then there exist (non- 
random) constants ci, c 2 >0 such that the following hold: 


lim sup 

n —>00 



ji^sD (log log n ) 1 ~ ds / 2 


= ci, 


lim inf 

n—t 00 



ffisD (log log 7z) ds / 2 


= c 2 , 


P x -a.s. Mx G V(G), 
P x -a.s. Vx G V(G). 
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This is a discrete analog of 0 Propositions 4.9 and 4.10]. Note that the proof of these propositions 
relies on the self-similarity of the process. Since our random walk does not satisfy this property, we need 
non-trivial modifications for the proof. Quite recently, Kim, Kumagai and Wang m Theorem 4.14] 
proved the LIL of the range for jump processes without using self-similarity of the process. By easy 
modifications, we can apply their argument to our random walk. The proof of Theorem 1 5.5 1 will be given 
in Appendix l~Al 

Proof of Theorem \2.4Y I). Note that Assumption 12.21 (1) implies that G is of bounded degree. Thus by 
(15.181) . Proposition 15.11 Proposition 15.21 and Theorem 15.51 we obtain (12. lip and (12.121) . □ 

5.3 Proof of Theorem I2.4K II) 

In this subsection, we prove the LILs for {T n }„>o when d s /2 > 1. 

First, we explain the notion of “uniform condition” defined in m- We define the Dirichlet form £ on 
the weighted graph (G, p) by 


£(/>/)= (/W “ /(2/)) 2 Mxj/, 

x,y<EV(G) 

for / : V(G) —» R, and the effective resistance R e g(-, •) as 

I?eff(A, B)- 1 = inf{£(/, /); f\A = 1, f\B = 0} (5.21) 

for A,B C V(G) with A D B = 0. Denote p(x,n) = R e s({x}, B(x, n) c ) for any x G V(G),n G N and 
p(x) = lim n ^ yoo p(x,n). 

Definition 5.6 (Okamura |14j ]). We say that a weighted graph (G,/r) satisfies the uniform condition ( U) 
if p{x,n) converges uniformly in x G V(G) to p(x) as n —> cso. 

For A C G, define 

Tj" = inf{n > 1 | X n G A}. 

We write T+ instead of Tt\ ■ 

The following is an improvement of [HI Corollary 2.3]. 

Proposition 5.7. Let (G,p) he a weighted graph satisfying (U) and (12.101) and assume that G is of 
hounded degree. If sup xeV ( G ) P X (M < T+ < oo) = 0{M~ S ) for some 8 > 0, then 

1 — F -2 < liminf < limsup — - < 1 — Fi, P x -a.s. 

n Tl n—Yoo Tl 

for all x G V(G), where F\ = inf x€ y(G) P X .(T+ < oo) and F 2 = sup xg y( G ^ Px{T+ < OO). 

Remark 5.8. In m Corollary 2.3], a stronger condition sup X P X (M < T+ < oo) = 0(M 1 s ) for 
some 8 > 0 is imposed to prove 1 — P 2 < lim inf n -yao — • As we prove below, it is enough to assume 
sup x P X (M < T+ < 00 ) = 0(M~ S ). 

Proof of Proposition For the upper bound limsup „_ > . 00 — < 1 — F\, [3 Proof of Corollary 2.3] goes 
through without any modifications. 

Hence we prove 1 — F 2 < lim inf n^ao ^ under our assumption. Fix e > 0. By [HJ (2.5), (2.6), (2.7)] 
there exists a G (0,1) such that for any n and M we have 

Px (— < 1 —— e) < - sup P X (M <T+<oo) + {M + l)a n/{M+1 \ (5.22) 

V n ) e x ev(G) 
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Choose k > 2/5. Replacing n by n k in (15.221) . we have 

P x (< 1 - F 2 - e] < - sup P X (M < T+ < oo) + (M + 1 )t 

\ n > e X&V{G ) 

= -0(M ~ S ) + (M + l)a” fe/(M+1) . 


n k /(M+ 1) 


Take M = M (n) = n fe / 2 — 1 and we have 


P x I —r- < 1 — F 2 — < 2 




Since Ar<5/2 > 1, we can apply the Borel-Cantelli lemma and we obtain 

RnM 


1 — F 2 < lim inf ■ 


Pn-a.s. 


n—>00 Tl 


For any to, choose n as n k < m < (n + l) fc , and we then have 


Rm > 


{n + l) fe R n 


k ^ 


n + 1 




ifc 


Take lim inf „ 


and we obtain 1 — Fo < liminf^^^ —. 


□ 


Proof of Theorem \2.4\ /II) . Note that the uniform condition (U) is satisfied in our framework by [141 
Proposition 4.6]. 

Since d s /2 > 1, we have 

OO OO 

P x (M<T+< 00 ) < Pn(x,x)<c n~ d ‘ /2 = 0(M 1 ~ d R 2 ). (5.23) 

n—M+l n=M+1 

Note that Assumption 12.21 111. (2) imply (12.41) and (12.101) . By (15.231) and Proposition 15.71 we have 

1 — F '2 < lim inf < lim sup —— < 1 — F\, P x - a.s. (5.24) 

n->oo n n-t-oo Tl 

Define G(x,x) = J2//L 0 p n {x,x), and F(x,x) = Li Px(T+ = n) = P X {T+ < oo). It is well known 
that 


G(x,x) — 1 = F(x, x)G(x, x). 


(5.25) 


Since d s /2 > 1 , we have 


By this and (15.251) we have 


sup 


xeV{G) n=0 


Y,Pnip,x)<cY~TH< OO' 


F ‘2 = sup F(x,x) < 1. 


(5.26) 


Thus, by (15.181) . Proposition l5.ll Proposition l5.21 (15.24[) and (15.261) . we conclude that for all x £ V(Z 2 tG), 

0 < -(I - F 2 ) < lim inf 

4 n—too Tl 

< limsup Z2>g ^ °’ —— < (2 M + 1)(1 — F\) < 00 , P x - a.s. 

n—too Tl 


Hence we complete the proof. 


□ 
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Appendix A Proof of Theorem 15.5 


In this section, we will explain briefly the essential part of the proof of Theorem 15.51 which is a discrete 
analog of [5J Propositions 4.9 and 4.10]. Note that the results in [5] are for the range of Brownian motion 
on fractals, and the proof heavily relies on the self-similarity of Brownian motion. Quite recently, Kim, 
Kumagai and Wang m Theorem 4.16] have obtained the LIL for the range of jump processes on metric 
measure spaces without using scaling law of the process. We employ the results and techniques in 0 , m 
and ]T2l, and prove the LIL for the range of the random walk without using scaling law of the process or 
of the heat kernel. 

The key to prove the LILs for the range of the process is to establish those for the maximum of local 
times. We assume df < d w and define the local times at x € V(G) up to the time n as 

L (x) = ( X£=o hx k = x } if n > 1, 

\o if n = 0, 

and the maximum of the local times up to the time n as 


L* n = sup L n (x). 
xGV(G) 

Let 6 = ( d w — df)/ 2. Recall (15.211) for the definition of the effective resistance, and write R(x,y) := 
{y})- Also, let R/ l \x,y) := i~ ( - dw ~ d ^R(x,y) for all x,y G V{G) and i > 0. We first cite a result 

from [7]. 

Lemma A.l. f[7) Lemma 6.3 (a)]) Suppose Assumvtion \2.2\ (1), (2), (4) and df < d w . Then there exist 
constants co,Ci > 0 such that 

sup sup P z [ max \L k {x) - L k (y)\ > A JR^ (x, y)) < d exp(-c 0 A) 

i(z[l,oo) x,y,z£V(G) \0<k<.i d ™ J 

d(x,y)<.i 

for all A > 0. In particular, there exist constants Ci,C 2 > 0 such that 


sup sup P z ( max \L k (x) - L k {y)\ > X(id(x, y)) B ) < c x exp(-c 2 A) (A.l) 

iG[l,oo) x,y,2GV^(G) \0<k<i d ™ J 

d( x ,y)<.i 


for all X > 0. 

Proof. Note that by |3j Theorem 1.3] we have the following relation between the resistance metric and 
the graph distance 


R(x, y) x d(x, y) dw df , Vx, y G V (G), 


which is a consequence of Assumption 12.21 (1), (2), (4) and df < d w . The first statement is the result 
of [7J Lemma 6.3 (a)] for the case of k = T = 1. The second statement can be proved by applying the 
above relation between the resistance metric and the graph distance. □ 


The next theorem is an analogue of .12] Proposition 4.8]. Since our proof is different from that of jl2l 
Proposition 4.8] which uses a scaling argument, we give the proof below. 

Theorem A.2 (Moduli of continuity of local times). Suppose Assumvtion \2.2\ (1), (2), (4) and df < d w . 
Then there exist constants c, C > 0 such that 


( 


Po 


max max |L t (x) — L t fy)\ > A \ < c- 

x,y£B < i(o,Ku 1 / dw )Q—t< u 
i d(x,y)<L 


A/du 


v) 2df 


L 2d f 


exp 


CA 


(KU 1 / dw L) e 


for all o € V(G), u > 1, k > 1, 0 < L < 2/vu 1 / d ” and A > 0. 
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Proof. Let ci,C 2 be as in Lemma lA.ll Let G^ be a graph with V(G^) = Bd(o,6i ) and E{G W) = 
{{x,y) £ E(G) \ x,y £ V'(GW)}. We denote by m/(-) = m(- flb(G^)) the measure on G (i) . Then the 
following holds by the proof of 0 Theorem 6.1]; There exists a positive constant C 3 (not depending on i ) 
such that 


rrii(Bd{x,r)) > c 3 r df 


(A.2) 


for all i £ [i, 00 ), x £ V{G^) and r £ [1,12i]. (In fact, 13 Proof of Theorem 6.1] discusses the case where 
i > 1 is an integer, and we can obtain (IA.2I) for i £ [i, 00 ) by adjusting the constant.) Set 6i = ku 1 ^”. 
By (IA.2I) . we have 

min rrii(Bd [x,r))= min m.i(Bd(x,ir)) > c 3 i df r df , 
xeV(G«) xeV(G«) 

where di = id,;. We now apply a discrete version of Garsia’s Lemma (see 0 Proposition 3.1, Remark 
3.2]) to the graph G^ with distance di = id, p(x) = x 6 , i/j{x) = exp(c*|:c|) — 1, and the function 

f(x) = -^gL t (x) on y(Gb)) for 0 < t < u, where c* = 12 _ 6 C 2 / 2 . For x,y £ V(G^) = Bd(o,6i) with 
d{x, y) < L and t £ [0, «], we have 


1 a p 2 di(x,y) ( 

—\L t (x) - L t (y)\ < - 4V- 1 log 

* c* Jo \ 


r (jzwL t ) 

c 2 i 2d f s 2d f /2 2d J 


+ 1 G?S 


< 


c* y 0 os u* 2d/ ^ J 


(A.3) 


where C 4 = c\/2 2df and 

r (-i L ‘) ;= H ex p( c * 

V 7 x,j/6V(GW) V 

Z ex p( c * 

V 7 i,k67(GW) V 

f (-wL u ) _ _. 

Define v = „7 • Then by (El]), we have 


m(x)m(y), 


\Lt(x) -L t {y )| 

{id(x, y)) e 

sup 0 <t< M 0*0*0 ~ £*( 2 /) | 

(id(x, y)) e 


m(x)m(y). 


C 4 i 2d f s 2d f 


~^\L t (x) -L t (y )| < 


4 e+1 1 1 1 _ / 1 \ 23j r°o / ^\®/( 2 d/)+i 


r TTT77 L, 


c» 2 df c 8 / 2d f i 8 \i 28 


1-/1 \ 237 /-oo / x \ e/(2d/)+i 


5 


log(u + 1 )dv 


° 5 -e ^ ( ae L 




log(u + 1 )dv, 


40+1. Ilf (t^-L w ) 2d ii , 

where c 5 =--— , 6 = — r9 , —. c 6 = 2 'C 4 . By easy calculus we have 

c* 2 df CQjb za f 


roo /i\ 8/(2d f )+l \og(b+l) + 2df/d 

log(v + l )dv < J 


A ■ b9/2df 


Thus we have 


Q 

2g\L t {x) - L t (y)\ <c 7 (j) |log(&+l) + ^|. 
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where C 7 = cs( 2 d// 0 )cg f , so 

/ 


P, 


max max \L t {x) — L t (y)\ > A\ < P Q ( log (6 + 1) > 


x,yEBd{o,Ku}t dw ) 0<t<u 
V d(x,y)<L 


A 2 df 


c 7 {iL) 8 6 


E n 


< Cs 


f i^ L u) 


c§L 2d s 


+1 exp -Cg 


A 


(ny 


By (I A. 1 1) . noting c» = 12 0 C 2 / 2 , n > 1 and 6 i = nu 1 / dw (in particular u < (6i) d ”), we have 


E n 


r 1 pe L ' 


= £ E ° 

i )9 ey(GW) 


exp l c* 


suP o<t< M \ L t(x) ~ L t (y )| 
{id(x,y)) e 


m(x)m{y) 


Y, Y ex P( c *( n + tyPo m(x)m(y) 

x,yEV(G(*1) n \ \ \ ’UP / 

< Y SU P P ° { SU P \ L t( x ') ~ L t{y')\ > jL(12id(x',y')) e } 

x.veVCGW) n P,»'ey(G) \0<t<(12i)“v, u J 


x,yf=V(Gl*:, »')<!« 

x exp(c*(n + 1 ))m(x)m(y) 

< Y Y {ciexp(-c 2 ^ ¥ )}exp(c*(n + l))m(x)m(y) 

x,yeV(G(V) n 

<c 10 i 2df < c n u 2d f /dw K 2d f. 


Therefore we have 

/ 


Pa 


max max | L t (x) — L t (y)\ > A \ < C 12 

x,yEBd{o,Kv}t dw ) 0— u 
V d(x,y)<L 


y2df/d w ^dj 

INf 


+1 exp -C13 


’ (nu 1 / dw L) e J 


Since we are assuming L < 2Ku 1 ^ dw , we complete the proof. 


□ 


Given Theorem IA.21 the following theorem can be proved similarly to [12, Proof of Theorems 4.11 
and 4.15]. (See also [5j Propositions 4.7 and 4.8].) 

Theorem A.3 (LILs for the local times). Suppose Assumption 1,2. £1 (1), (2), (4) and df < d w . Then 
there exist positive constants C \, c 2 such that the following hold. 


h ^ P n 1_d »/ 2 (log log n) d “/ 2 
lim inf 


= ci, P x -a.s. for Mx £ V(G), 


— „.-../ 2 ( l 06 l og = <»■ A-rVare no). 

Given Theorem I A. 3 1 the proof of Theorem [575] can be done similarly as in [12] Theorem 4.16] by using 
the relation n = Y^ X ER n Pn ( x ) — E n L*- (See also [5, Propositions 4.9 and 4.10].) 
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